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ADVERTISEMENT. 



The present Volume is a sequel to the Treatise on the 
Ellipse. 

It consists of Two Sections. 

The First Section contains some Geometrical Propo- 
sitions, demonstrated by an Algebraical Process. 

The Second Section employs Alternate Circles to 
simplify, or to reduce to lower dimensions, such equations 
as express the properties of the Ellipse. 
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PROPOSITION I. 

Fboblem. — To describe two alternate circles, of which the 
areas shall he in a given ratio, and their sum equal to 
a given rectangle. 

Let the given ratio be as a a to 2) ft, and the given rect- 
angle k /. 

Let c be the circumference of a circle of which the 
diameter is unity. 

Now, if X be the semi-diameter of a circle, its diameter 
will be 2 X, 

Then, 1 : 2a? :: c : 2cx, 

Therefore, 2 ex is the circumference of a circle of 
which the radius is x. 

Then half that circumference is ex. 

Now, because the area of a circle is equal to the rect- 
angle contained by the semi-diameter and a straight line 

B 



2 ALTERNATE CIBCLES.^ 

equal to half the circumference, cxx will represent a space 
equal to the area of 
a circle of which the 
semi -diameter is x. 

Then, let kl = cxx 
be equal to the area 
of the external circle. 

Let the semi-dia- 
meters of the alternate 
circles be y and z. 

Then, because cir- 
cles are to one an- 
other as the squares 
of their semi -dia- 
meters, 

kl 
yy + zz = XX = — , 




And yy : zz : I aa : hh. 



aazz 



yy 


hb 


yy 


kl 

= — zz 
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aazz 
hb 


kl 

= -^ zz 
c 


/w 


hhkl 


Tbib 


{aa + hb)c 


ly 


_ h^l 


<& 


\/\aa H- hhY 


4« 


_ a^ kl 
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\/{aa + bb)c 


X 
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Then, from any point C, at the distance CA^ equal to 
r^ t describe the circle J. JB2>. 
From the same point, at the distance CE^ equal to 

gy ^ describe the circle EFO. 

\/(aa + fe6)c 

From the same point, at the distance C-ET, equal to 

y "^ , describe the circle HIK. 

\/{^aa + bb)c 

The two last circles shall be those required. 

_ ^ aakl hhkl 

For, because . , ^. : , r-^-- : : aa : bo, 

' {aa + bb)c {aa -f bb)c 

the areas of the alternate circles are, one to the other, in 
the given ratio. 

. ,, aahl bbkl (aa + bb)kl ,_ 

And because - — --rr H -tt = , /, =«^ 

da + bb aa-^bb aa + bb 

the sum of the areas is equal to the given rectangle. 



PROPOSITION II. 

Theorem. — If three straight lines be harmonical propor^ 
tiorudsy the area of one alternate circle be equal to a 
rectangle contained by the first and second, and the 
area of the other to a rectangle contained by the second 
and third; the area of the external circle shall be 
equal to twice the rectangle contained by the first and 
the third. 

Let the lines LM, MN, and NO, be harmonical pro- 
portionals, let the area of the alternate circle EFG be 
equal to a rectangle contained hj LM and MN, and let 
the area of the alternate circle HIK be equal to a 
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4 ALTERNATE CIRCLES. 

rectangle contained by JHf iVand NO ; the area of the ex- 
ternal circle ABD 
shall be equal to the m 

double of the rect- n ^ o 

angle contained by 
LM and NO. 

Call LM, a; 
MNyh;sin6iN0,g. 

Then, because a, by 
and^areharmonical 
proportionals, 
a — 5 : 6 — ^ :: a : //, 
ag — bg^ab — ag, 

2ag = ab + bg. 
ScHOL. — Propo- 
sition 1st shows, ^ 
that, if c be the circumference of a circle, of which the 
radius is unity, the radius of a circle equal to ab will be 

^ab 

\/c 

And the radius of a circle equal to bg will be 







Now, if these circles be described, the 2d Proposition 
of the first book of the Treatise on the Ellipse shows how 
to describe the external circle. 

The radius of the external circle will, however, be equal 

\/^2ag 



to 



V'< 



PKOPOSITION III. 

Problem. — To describe three concentric jcircles in arith- 
metical progression, the two lesser being alternate, and 
the common difference being given. 

Let dd be the common difference of the terms. 
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Gall the Bemi-diameters of the circles x, y, and z, and 
let X be the least, and z the greatest of the three. 

Let c be the circumference of a circle, of which the 
diameter is unitj. 

Then, as has been shown in the 1st Proposition, cxx 
will represent a space equal to the area of a circle of 
which the semi-diameter is x. 

And cxx + dd will represent a space equal to the area 
of a circle of which the semi-diameter is t/. 

And, cxx + 2dd will represent a space equal to the 
area of a circle of which the semi-diameter is z. 

Now, because, of the three circles, the two lesser are 

alternate, 

cxx + 2dd = cxx •{■ dd '\- cxx 

dd = cxx 
dd 

= XX 

c 

d 

Now, cyy = cxx -\- dd = 2dd 

2dd 
yy = — 

_ d\/2 

VC 
And, czz = cxx + 2dd = Sdd 

Sdd 

zz = ■ 

c 

_d\/S 

\/c 

Then, if there be described, from the centre, C, 
three circles^ with semi-diameters respectively equal 

d rfv/2 - d^Z ^ , „ , . 

to -T=r, — -j=^y and ■ ^ , they «hall be those 
VC VC VC 

required. 

B 3 
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For, the areas of the circles will be equal to ddj 2 del, 
and Sddy and the double of 
the middle term is equal 
to the sum of the two 
others ; wherefore they are 
in arithmetical progres- 
sion. 

Again, because 

Sdd = 2dd + dd, 

cxx -f 2dd = cxx + fW -f cxx, 

2dd= cxx + dd, 

cxx -\- dd^= cxx -\- dd. 

So, the area of the greatest circle is equal to the sum 
of the areas of the other two. 

Therefore the other two are alternate. 




PROPOSITION IV. 

Problem. — To find two cdterimte circles, such that Ike 
rectangle contained by their semi-diameters shall he equal 
to a given square, and that the external circle shall 
have a given ratio to the difference between their areas. 

Let the rectangle con- 
tained by the semi- 
diameters be equal 
to aa. 

Let the given ratio 
be that of bb to gg. 

Call one of the semi- 
diameters x and the 
other y. 

Then, because the 
area of the external 
circle is equal to the 
sum of the areas of the 
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alternate circles; and that the areas of circles are, to 
one another, as the squares of their semi-diameters, 
XX -^ yy i XX — yy II hh : gg^ and, therefore, 

{hh + gg)yy = {hh — gg)xx. 



aa , a* 



Again, xy ^ aa, ^ = *^ > and yy ^ —. 



a* 



Wherefore, (&& + gg) -7 = (2>& — gg)x^ 



X' 



{hh + ^^) «* = (&& — ^^)a;* 

hh — gg 

^^ ^ aWhh + gg 
Vhh" gg 

0'\/\/hh 4- ^^ 
\/\/hb—gg 



X = 



a? l^bh + gg ^ 

Then, with a radius equal to — ^ '^^ , describe a 

1/66 + gg 

circle, having a centre, C» and a circumference, HIK, 

^ ^^ , ,. avhh 4- flf<7 

rrom the same centre, at the distance — 4, r 

describe another circle, EFO. 

From the same centre, with a radius equal to 

., ^ , describe a third circle, ABD. 

These three circles shall be those required. 
For, the rectangle contained by the semi-diameters of 
the alternate circles is, 

aVhh -^ gg aVhh — gg __ 
"^^hh^g ^ <^hh -f gg 



8 ALTERNATE CIBCLE8. 

And the sum of the squares of the semi-diameters is 



a?\/hh ^-gg , d?\/hh — gg 2a 



aabb 



s/hh - gg s/hh -f gg s/h' - ^* * 

and the difference of the squares of the semi-diameters is 
^\/hh + gg a^\/hh — gg __ 2aagg 
[ \/hh — ^^ v/^M^ v/^* — ^ ' 

„ 2 aabb 2aagg _, 

Now, . : . -- :: 00 : aflf. 

Therefore, the area of the external circle is, to the 
difference between the areas of the alternate circles, as &d 
is to gg. 

And again, because the areas of the circles are, to one 
another, as the squares of their semi-diameters, and that 

r ab^/2 x' 2aa bb d^^Jbb-\-gg a^^bb-^gg 
V^*-^/ '^s/b^'-g^^ ^bb-gg ^bb-^gg 

the area of ABD, the external circle, is equal to the 

sum of the areas of EFQ- and HIKy the alternate 

circles. 

ab\/2 
But to make the solution possible, - ^. • must be 

V^ — ^ 

O'A/bb + gg . _ . , » .„ , 

greater than =r ; m which case 6 will be greater 

than gy which may be shown in the following manner. 

&\/2 - ^ \ /bb-\-gg 

</h*-g' ^hb^gg 

2bb \/bb + gg 

\/b'-g' ^ \/bb^gg 

2bb ^ s/bb^-gg 

^/W+ggs/bb—gg \/bb—gg 
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2bb 



y/bb + gg 


> 


y/bb+gg 


266 


> 


bb+gg 


66 


> 


99 


6 


> 
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PROPOSITION V. 



I^HOBLEM. — To divide the diameter of the external circle 
in such a point, that the rectangle contained hy its 
segments shall be, to that contained by the segments 
of the diameter of one of the alternate circles, a* tJie 
diameter of the external circle is to that of the other 
alternate circle. 

Let ^jB be a dia- 
meter of the external 
circle, EF the diameter 
of one alternate circle, 
and HI that of the 
other; let C be the 
common centre ; and 
O the point of sec- 
tion. 

C&ll AB,a;EF,g; 
JB[I,b;IO,x;BO,y; 
and COf z. 

Then a — y = b — x + ^(a — b) 




a 



ft + a? — |(a — 6)=y=:x-|- 



a — b 
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But gy {a—y) = ax (b — x) 

^9y - gyy =^ax(h^ x) 
gyy — agy = — aa? (6 — a?) 

ax (b — a?) 

y 

. aa aa ax (b — x) 

„ _ ? L i /aa ax(b—x) 

y 2 - =^ K T -g 

a , 4 /aa ax (b — x\ 
2^ = 2^/ 4 J—^- 

aa ax(b^x) 
- - - 4 g 

b A/aa ax(b — as) 

*-2-± K T Y~ 

, bb aa axCb^-x) 

XX -^bx + -T = ^^ ^ 

4 4 g 

A A J. X 1.1. 4ax(b-^x) 
4xx — 46a? + bb ^= aa ^^ ^ 

9 
4gxx — 46^a; + bbg = aag — 4abx + 4aa?a; 
— 4aaja; + 4^xa; — 4bgx -f 4a6a; = aag — bbg 
4axx — 4gxz — 4abx + 4bgx = 66^ — aa^r 

a;a? — ox ^= —rz 7- 

4(a-^) 

4 4 4(a — ^) 

a?x — 6a? + — = --T-^; r- 

4 4 (a — ^) 



^-2- l^ 4(a-^) ^ 
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^ ^ K 4 (a — ^) ' 

r 4 (a - ^) 
Then .. = ^i^/ - 7>. 

The preceding problem may be otherwise solved in the 
following manner : — 

Call^jffor BI,f; CA, t; CF, h; HO, u; and 
10, X. 

Then, (/+ x) X (/+ u) lUX ::2t : 2k. 
Also, 2/ + a; -f w = 2^. Then x=z2t — 2/— u ; 
and(2t— 2/— a? -h /)(»-!-/) : 2tx-^2fx—xx :: t : h. 

Therefore, 
txX'-hxx-{-2ftx + htX'~2ttx — 2fhx=:ffh — 2fht 



•^ th 



Wherefore, . = . -/± '^LiilziZi+.^^zA!); 
And « = . -/:f ytitt-2fCJ-^ff-kt\ 
Now, ^O =/+ M, and BO=f+ x ; 
Therefore. ^ O = . ^ |/^l£lFM±2^0 

And50 = .±Vi5£EEm:iiO. 

Comparing this last solution with the one preceding it, 
we find / = -s~ , ^ = 5> ^ = o. and 2/t = V ^ 



t — A 



Now if. in t -/ ^y ^(»-Y^_V^^-n the 
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value last found of the unknown quantity x, we substitute 
for^, hy t, and 2/t, their values found above, we have 



X 



=5+ 

2"~ 


4 /a faa 


a{a — h) ^ (a 
2 ' 


4 


-f) 








a g 
2 2 








2~ 


v<-: 


a {a — h) ^ (a 
2 ' 


4 


4; 








a — ^ 








= *± 


/\/a(aa — 


'2aa-\-2ah-\- aa 


— 2ai 


b + bh- 


«^) 



= T:dr \/ — f- f-, which is the same value as 

2 y "^(a—g) 



that found in the first solution. 



PROPOSITION VI. 

Problem. — To divide the diameter of the external circle 
in such a pointy that the rectangle contained by its 
segments shall he, to that contained hy tlie segments of 
the diameter of one of the alternate circles, as the area 
of the external circle is to that of the other aUemate 
circle. 

Let AB hQ 9k dia- 
meter of the external 
circle, EF a diameter 
of one alternate circle, 
and HI that of the 
other. Let C be the 
common centre, and 
P the point of section. 

C2MLAB,a',EF,g\ 
Hlb;IF,x;BF,yi 
and CF, z. 
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Then, {a-~y)y : (ft — «)» :: aa : gg 

And a — y = fc— aJ + iC^—^X 

. a — b 

But 5^^y (^ — y) = ^^^ (^ — ^)» 

y — \— 2a^^^ "^ ^^^ "" *^^' 
Now y = X H — ; therefore 

a — h a . a 

^9 



X H g— = 2 * si/ '^S'5' + ■*** "■ '**'^' 



^^ fc^ _ 99 {aa — Vh) 

XX — ox = -—, ,, 

4 {aa — gg) 



h , \/aahh — 2bbgg H- aagg 

^ 2^aa — </^ 

Again — 

a— 6 a— ft 5 ^/aabb— 2bbgg + ao^^ 

^ 2 2 2 2^aa-gg 

a , \/aabb — ^bbgg -h aaaa 
^ 2y/aa — gg 



a ^aabb — 2bbgg '\- aagg 

And « = - — y = ± /^=- ' 

2 ^ 2s/ aa - gg 

aabb^2bbgg'\'aagg 

Inen, zz = -r—. r > 

^iaa-gg) 

bb ggjaa — bb) 
' 4 ^ 4(aa— ^^) 
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PROPOSITION VII. 

Problem.— Two concentric circles being given, to describe 
two others, such that their sum shall be equal to the 
greater, and their difference to the lesser. 

Let the area of the greater circle be aa. Let the area 
of the lesser be bb. 
Let X be the semi- dia- 
meter of one unknown 
circle. Let y be the 
semi-diameter of the 
other. 

Then, as has been 
shown in the first pro- 
position, cxx is equal 
to the area of one un- 
known circle. 

And, in like manner, 
cyy is equal to the area 
of the other. 

Now, cxx -h cyy = aa ; and cxx — cyy = hh. 

Therefore, 2 cxx = aa -h bb ; 
And 2 cyy =^aa — bb. 

\/ aa 4- bb 

Then, x = y=— ; 

v/2c 

. , ^aa — bb 
And y = 




v/2(? 

Let the greater of the given circles be ABD, and 
the lesser be OPQ. And let C be the common centre. 
Then, from the centre C, at a distance equal to 



V^^a+i^ , describe a circle EFG. 
^/2c 

From the same centre, at a distance equal to 



\/aa — bb 
y/2c 
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describe another circle HIK EFG&nd HIKsh&W 
be the circles required. 

The semi-diameter of the greater given circle will be 

The semi-diameter of the lesser given circle will 



^c' 



be 



^/'i 



PROPOSITION VIII 



Problem.— An external circle being given, to describe 
two alternate circles, the area of one of which shall be 
a given portion of the area of the external circle. 

Let the area of the external circle be a a. 

Let one of the alternate circles be — • 

n 

Let X be the semi-diameter of one alternate circle, and 
y the semi-diameter of 
the other. ^ 

Then, cxx is the area 
of one, and cyy of the 
other. 

Now, let cxx = — • 

n 

a 

Then x — = • 
\/cn 

But cxx -|- cyy = aa. 

^ ^a 

Or XX -|- yy = — • 

c 

Therefore, — u- yy =: — 
en c 




. . aa aa 

And vy = 

^^ c en 



c2 



16 . ALTERNATE CIBCLSS. 



__., « aan — aa 

Wherefore, yy s= > 

Cn 



yy 



^ aa(n^l) 



cn 



cu/n— 1 
y = /— > 



a 
The semi-diameter of the external circle will be 



Therefore, if, from the centre (7, there be described 
three circles, ABD, EFO, and HIK, with semi- 

diameters respectively equal to — =-, ^ — f a»d 

V c \/cn 

— =ry the two last shall be those required, and the 
\/cn 

very last is that of which the area is the given portion of 
the area of the external circle. 



PROPOSITION IX. 

Theorem. — If the semi-diameter of the external circle 
be cut in extreme and mean ratio by the circumference 
of the internal circle ; the square of ths semi-diameter 
of the alternate circle shaU be equal to a rectangle con- 
tained by the semi-diameters of the two other circles. 

Let CA, the semi-diameter of the external circle ABD, 
be cut in extreme and mean ratio in the point Ey by the 
circumference of EFO, the internal circle. Let CH 
be the semi-diameter of H I Ky the alternate circle. 
Then the square of CH is equal to a rectangle contained 
by CA and CE. 

Call CA, a ; CE, b ; and CHy x. 

Then A-E = a — 6. 



ALTERNATE CIRCLES. 



17 



Now, because CA is cut in extreme and mean ratio, 
CAiCExiCE:AEi 
That is, 

a I h : : 6 i a — h. 

Then, 

6fc = aa — ahy or 
hh '\- ah^=t aa. 

Now, because EFO 
and SIKare alternate 
circles, and that circles 
are, to one another, as 
the squares of their 
semi-diameters ; 

XX -]- bb s= aa =i bb -j- ab 
XX = ab ; 

That is, the square of (7//, the semi-diameter of the 
alternate circle SIK^ is equal to the rectangle contained 
by CA and CE^ the semi-diameters of the circles 
ABD^xiAEFG, 




PROPOSITION X. 

Theorem. — If three straight lines be harmonical pro- 
portionals, the area of one alternate circle be equal to 
the rectangle contained by the first and second^ and the 
area of the other to a rectangle contained by the second 
and third, and the third straight line be equal to the 
double of the second; the semi-diameter of the external 
circle shaU be equal to the double of the semi-diameter 
of the internal circle. 

Let the lines LM, MN, and NO, be harmonical pro- 
portionals ; let the area of the alternate circle EFO be 
equal to a rectangle contained hj LM and MN, and 

c3 
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let the area of the alternate circle HIK be equal to a 
rectangle contained by ilfiVand NO \ let CA be the 
semi -diameter of 

the external circle, ^ ' ** 

If — ^— _^^^^^^^^^^ ». 

CE the semi-dia- v 

- , . ~'^ ■ o 

meter of the in- 
ternal circle, and 
NO be equal to 
thedoubleofilOT; 
then CA shall be 
equal to the double 
oi CE. 

Call LM, a; 
M Ny h \ and 
NO, g. 

Then, because 

g^2b 

ag = 2ab 

2ag = 4ab 

\/2ag = 2^ ah 
\/2ag __ 2^ab 
\/c y/c 

Now, by the Scholium to Proposition 2d, - _ is equal 

to the semi-diameter of the external circle, and ^ is 

equal to the semi-diameter of the internal circle. Where- 
fore, CA is equal to the double of CE. 
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PROPOSITION XL 



Problem. — An eastemal circle being given, to describe 
two aUemate circles, sfoch that the square of the semi- 
diameter of the greatest shaU be equal to the rectangle 
contained by the semi-diameters of the external and 
the mtemal circles. 

Call the semi-diameter of the external circle ai the 
semi- diameter of the 
greatest alternate circle 
y; and that of the in- 
ternal circle x. 



Then, 






xx-\- yy=^ 


aa^ 


and 


ax^=^ 


yy- 




Wherefore, 






XX = aa — 


yy^ 


and 


y" 

XX ^^-r 







a' 




^, = «« - yy 

y^ =ia* — a^y^ 

y* + ay = a* 
. . 4 - a* a* . 5a* 

* 2 



y = 



And, 



a 



a'(V^5 - I) 



a(-v/5-l) 



2a 
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Then, firom (7, the centre of the given circle AB D, 



^\/5— 1 ^ a(v/5 — 1) 

at distances equal to ^^= and — ^^—^ > 

^/2 2 

describe the circles HIK and EFG. 

Thej shall be those required. 

That the squares of the semi-diameters of the two 
lesser circles are together equal to the square of the semi- 
diameter of the greatest, is shown by the following cal- 
culation : — 

a«(v/5-l) ^ fl'(5-2v^5-|-l) 
2 + 4 ^ 

a»v/5 — a» 5a* — .aay/5 -f «» _ 

2 "^ 4 "■ 

4a'v/5 — 4a» + 10a' — 4fl»v/5 + 2a' _ 

8 " 

— 4a' 4- lOfl^^ H- 2a» _ 
8 "~ 

Sa^ 

- =aa. 

Therefore the lesser circles are alternate. 



PROPOSITION XII. 

Theorem. — If the square of the semi-diameter of the 
greatest of the two alternate circles he equal to a rect- 
angle contained hy the semi- diameters of the two other 
circles ; the semi-diameter of the external circle is cut 
in extreme and mean ratio hy the circumference of the 
internal circle. 

Let the square of CH, the semi-diameter of the greater 
alternate circle HIK^ be equal to the rectangle contained 
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by CA and CE, the semi-diameters of the two other 

circles AB D and 

EFG\ then CA is 

cut in extreme and 

mean ratio by EFG, 

the circumference of 

the internal circle. 

CaU CA, a; CH, 
b; and CE, x. 

Then xx -f Jft = aa, 
and, also, ax =ibh» 

Wherefore, 
XX -i- ax = aa, 
or, XX ^=aa — ax. 

Therefore, a : x :: x : a — x; 
That i^, CA : CE :: CE : EA. 




PROPOSITION XIII. 

Problem. — To describe an equilateral and equiangular 

decagon in a given circle. 

Within the given a 

circle ABDy describe 
two alternate circles, 
EFGy and HIK, 
such that the square 
of CJETy the semi-dia- 
meter of HIK, the 
greatest, shall be equal 
to the rectangle con- 
tained by CA and CE^ 
the semi -diameters of 
the external and the 
internal circles. 
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In the given circle A By place ten straight lines, AL, 
LM, MN, &c., adjacent to one another, and each equal 
to CEy the semi-diameter of the internal circle. 

Join CL, CM, CN, CO, &c. 

Call a right angle, r. 

Then, by the 12th Proposition of this Book, CE^ = 
CA X EA, 

Therefore, by the 10th Proposition of Book IV. Ele- 
ments, each of the angles, CAL, C LA, at the base of 
the isosceles triangle A CL, is double of the angle A CL, 
which is at the vertex. 
• But the sum of these three angles is 2r. 

Therefore, the sum of the two angles at the base is 

. 2r lOr — 2r 8r . ^ ^ 

2r r = = —. And these angles are 

equal to one another, and each is equal to the adjacent 
angle of the adjacent triangle. 

]^^w, one interior angle of the polygon, ALMNO, 
&c., is equal to two angles of the triangle, and consists 
of two such adjacent angles. 

Therefore, one interior angle of the polygon is equal to 

8r 

— . And these interior angles of the polygon are equal 

to one another. 

And the sum of ten such angles is — -- = 16r. 

5 

And, by the 1st Corollary to the 32d Proposition of 
Book I. Elements, all the interior angles of a decagon 
must be equal to 20r — 4r = 16r. 

And that would not be the case, if the rectilineal 
figure had more or fewer sides. 

Therefore, the figure is a decagon ; and all its sides 
are equal. 

Therefore, in the circle ASD, there has been described 
an equiangular and equilateral decagon; which was to 
be done. 
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PROPOSITION XIV. 

Problem. — To describe two alternate circles^ such that 
the internal circle shall be to the other as that other to 
a third circle, and that the sum of the two shall be equal 
to a fourth. 

Let the semi-diameter of the third circle be a, and let 
bb be equal to the squares 
of the semi-diameters of 
the two alternate circles. 

Call the semi- diameter 
of the internal circle a?, 
and the semi-diameter 
of the other, y. 

Then, 

and, a?* + y = 2,2. 

Wherefore, y* = a^x\ 
and ^ = ft' — a^ 

y^ = aa? = &« — x' 




a' 



a^ -\- ax -^ — = 
4 



a* + Ab^ 



x= ± 



v/a* -\- Ab^^a 



Then, because y^ •=. ax = 



±a-v/a» + 462_^2 



y 



= ± 1/ ±fy^+l*!zif5' 



Let the circle, OPQ, have a semi-diameter equal 
to a. 
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From a centre, C, with a radius equal to h, describe 
the circle AJBD. 

From the same cen- 
tre, with a radius equal 
to 

± 2 ' 

describe the circle, 
IHK. 

From the same cen- 
tre, with a radius equal 
to 

^ y^±V^^tgjZ^^ describe the circle ^/J^ff. 
The two last circles shall be those required. 




PROPOSITION XV. 

Peoblem. — An ellipse being given, to describe two alter- 
nate circles, and dram an ordinate to the a^jois, so that 
it sliall be equal to the diameter of the circle of which 
it is the tangent. 
Let the given ellipse 
be ABEF. 

Required, two alter- 
nate circles, 8 TV, and 
NPU, and an ordi- 
nate, OH, being a i 
tangent to NPU, and 
such that the diameter 
NU shall be equal to 

GH. 

By the 1st Proposi- 
tion of the Third Book 
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of the Treatise, find C, the centre of the ellipse; and, 
by the 33d Proposition of the same Book, find IK and 
ZtSf, the axes. 

Call IK, a; LM, h ; GH, y ; and TV, u. 

Then, because TV : OH :: IK : LM, 

u I y II a I h, 

hu 
and OS = y = — ; 

Wherefore, NU =- — . 

From C, the centre of the ellipse, with a radius equal 
to CI9 describe an external circle, 10 K 

Then, because Wu'' + TV^ = TK^ 

— - + M» = a». 
Wherefore, (a« + J^)!** = a*, 



and u = 



a« 



Then, from the centre C, with a radius equal to 
aa 



2^aa + ft& 



, describe a circle STV. 



From the same centre, with a radius equal to 
describe a circle NP U. 



And through P, the point in which the last circle cuts 
IK J the axis, draw OH 2kt right angles to IK, and 
meeting the circumference of the ellipse in the points 
ffand JT. 

The circles iSTFand NPU shall be those required, 
and OH shall be the ordinate equal to the diameter NU. 

For, because CN = — , 

2^^aa + hh 

D 
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NU=z2CN = 



bu 



ah 



\/aa + hb 



Vu' 



Now, GH = — , and GW = ^ = 

a a' 



bb X 



aaaa 
aa + bb 



aaaabb 



S7.S 



a^b 



aa 



aaaa + aabb c? + V 
Wherefore, GH ^ > t . i.» = ^U. 



PROPOSITION XVI. 

Theobem. — If the greater axis of an ellipse be divided 
by an ordinate, the absciss be the radius of a circle, 
and a chord to the external circle be drawn through the 
end of the ordinate, at right angles to a line drawn 
from the same end to the centre ; the diameter of the 
alternate circle shall not be less- than the chord. 

Let AJB, the greater axis of the ellipse AJEJBF, be 
divided at the point P, 
bj the ordinate GL, 

Let CP be the radius 
of the circle PQM, 
and let STV be the 
alternate circle. Let 
CG be joined. Through ^ 
G, at right angles to 
CG, let there be drawn 
IK, a chord to the ex- 
ternal circle ABD, 
and let M and N be 
the focuses. 

Then TV is not less than IK. 
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For, by the 26th Proposition of the Third Book of the 
Treatise, AB i MN :: TV : IK. 

Now, bj the 12th and 13th Definitions of the same. 
iBook, ABi^ not less than MN. 

Therefore, TVi& not less than IK. 



PROPOSITION XVH 

Theobem. — The greater axis remaining the samef the 
greater that the square of the lesser axis is, the lesser is 
the square of the line that joins the focuses. 

Let AB he the greater axis of the ellipse AEBF, 
EF the lesser axis, and Jf iV the line that joins the 
focuses. Then, A B remaining the same, the greater that 
the square of EF is, the 
less is the square of MN. 

From C7, the centre of 
the ellipse, at the distance 
CAy describe the circle 
ABB; and from the 
same centre describe the 
circles EFG and MNO. 

Then, bj the 12th and 
13th Definitions of the 
Third Book of the 
Treatise, ABB is the 
external circle, and EFO 
and MNO are alternate circles. 

And, because circles are to one another as the squares 
of their diameters, EFG : MNO :: EF" \ WW. 

And, by the 14th Proposition of the First Book of 
the Treatise, AB remaining the same, the greater that 
^Fff is, the less is Jf JVO. 

Therefore, the greater that the square of EF is, the 
less is the square of MN. 
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PROPOSITION xvm. 

Theorem. — If the external circle have, for its diameter^ 
a diameter of the ellipse^ and another circle cut that 
diameter in the 'principal points^ and an altemate circle 
he described; the conjugated diameter of the ellipse 
shall he equal to a diameter of the altemate circle. 

Let the external circle AJBDy have for its diameter ^i^, 
a diameter of the ellipse; let another circle, OPQ, cut 
AB in itf and Nf the principal points; and let an alter- 
nate circle, EFOy be described ; the conjugated diameter 
of the ellipse shall be equal to a diameter of EFG, 

For, if not, from Cy the common centre, with a radias 
equal to half the con- 
jugated diameter, de- 
scribe another circle, 
EL IK. Also describe 
a circle, 8TVy alter- 
nate with HIK. 

Now, because, by 
the 14th Proposition 
of the First Book of 
the Treatise, the 
greater that the area 
of one altemate circle 
is, the less is that of 
the other; if SIK be greater than EFO, 8TV mmt 
be less than OPQ, 

The circumference of 8TV must, therefore, eut the 
diameter AB, at some points, as £ and M, between the 
centre C, and the principal points M and N; and, conse- 
quently, by the 12th Definition of the Third Book of the 
Treatise, X and R are the principal points. 

But, by the conditions of the Proposition, M and N 
are the principal points. 




B 
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Then, the straight line MN is equal to the straight 
line LRj the greater to the less, which is impossible. 

In like manner maj be demonstrated that, if IT IK he 
less than EFO, STV must be greater than OPQ; and 
that the circumference of STV must therefore cut AB 
in one point between A and M^ and in another point 
between B and N, And hence will follow a similar 
impossibility. 



PROPOSITION XIX. 

Theobem. — Ify in an external circle, there be placed a 
cliord equal to the diameter of one alternate circle, that 
chord mill be a tangent to the other alternate circle. 

In the external circle ABD, let there be placed a chord 
AB, equal to EF, the 
diiuneter of the alternate 
circle, EFG. Let the 
other alternate circle be 
HIK. 

AB will be a tangent 
to HIK. 

From the point D, 
draw BO, a tangent to 
HIK, and produce it 
to Ij, a point in the cir- 
cumference of ABB. 

From the point C, 
the centre of the circles, let fall on AB and BL, the 
perpendiculars CK and CO. 

Now, because 2>£ is a tangent to SIK, BL is equal 
to EF, by the 6th Proposition of the Third Book of the 
Treatise. 

And, by the conditions of this Proposition, AB ia 
equal to EF. 

Wherefore, AB ia equal to BL, 

d3 




so 
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Therefore, by the 14th Proposition of the Third Book 
of Elements, AB and DL are equally distant from the 
centre C. 

Wherefore, by the 3d Definition of the same Book, the 
perpendiculars CKsind CO are equal 

Therefore, by the 11th Definition of the First Book of 
Elements, the points K and O are in the circumference 
of the circle. 

Wherefore, by the Corollary to the 16th Proposition of 
the Third Book of Elements, AB is a tangent to SIK. 



PROPOSITION XX. 

Theorem. — The rectangle contained by tnfo straight Hnesy 
dranmfrom the point in which the circumference of the 
internal circle is cut by the diameter of the alternate 
circky to the points in which the circumference of the 
alternate circle is cut by the diameter of the external 
circle^ drawn at right angles to the other diameter^ is 
equal to the sum of the squares of the radiuses of the 
alternate circles. 

Let EFO be a circle, external to the alternate circles 
ABC 9Ji& HIK, of 
which the latter is the 
internal circle. Let 
ACj a diameter of 

ABCf cut the circum- 
ference HIK in the 
point P. Let LM, b, 
diameter of the external 
circle, and at right angles 
to A C, cut the circum- 
ference ABC in the 
points B and D. Let 
P^ and PZ) be joined, 
and let O be the conmion centre of the three circles. 
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Then, PB x PD = OA -|- 0P\ 

For, by the let Corollary to the 4th Proposition of the 
Treatise on the Ellipse, OL = PB = PD, 

And, by the 47th Proposition of the First Book of 
Elements, 

PW=^ OW ^Orp'^ OT + OI^=PBx PD. 
Cor. — ^Because the circumference of the circle A B C2>, 
of which the centre is O, has been divided into four 
equal parts, AB, BC^ CD, DA, and that, from each 
point of division, JL, B, C, 2>, there has been drawn 
to jP, a point in the radius of that circle, a straight line, 
AP, BP, CPyDPy and that the rectangle contained 
hj BP and DP, the lines drawn from B and D, the 
alternate points of division, is equal to the sum of the 
squares of OA and OP; this result is a simple case of 
Cotes's theorem. 



PROPOSITION XXI. 

Theorem. — If the greater axis of an ellipse be divided by 
an ordinate, the absciss be the radius of a circle, and a 
chord to the external circle be drawn through the end 
of the ordinate, at right angles to a line drawn from 
the same end to the centre ; the diameter of the alter- 
nate circle shall be to the chxyrd, as the greater axis is to 
the line which joins the focuses. 

JjetAB, the greater 
axis of the ellipse 
AEBF, be divided, 
at the point P, by the 
ordinate OL. Let ^ 
CP be the radius of 
the circle PQM, and 
let STV be the alter- 
nate circle. Let CG 
be joined. Through 
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O, at right angles to COy let there be drawn IK, a 
chord to the external circle ASD ; and let M and N 
be focuses. 

Then TV : IK ;: AB : MN. 

Join CI and ^ Jf . 

Then, because iST^Fand PQi? are alternate circles, 
the area of STV is equal to the difference of the areas of 
ABD and PQR. 

Then, CT" = AC^ - CP*. 

Now, by the 15th Proposition of the Treatise on the 
Ellipse, TV : GL :: AB : EF. 

Theni^F : ^GL :: ^AB : ^EF. 
That is, CT : ffP :: AC : -E?(7. 

And CT* : GP' :: ZC' : EC\ 
Now, Cr« = JL C" - CP^ 

And GF'^CG^-CP\ 

Therefore, 

X5* - CP' : CG^ - CP' :: AC^ : .KC*. 

Alternately, 

XC' - OP* : ZC* :: CG^ — CP* : .BC'. 

Therefore, by the Corollary to the 19th Proposition of 

Book V. Elements, AC^ — CP — CG^ -f CP* : 

AC'' - B^ :: Off* - CP* : jEC'. 

That is, 

AC^^CW : AC^-EC^ :: CG^'- OP* : ^C'. 
Now, CJ= CA; Ol' = eZ'; 

CA'^CG' ^m'--- C& =T&'. 

And, by the 24th Proposition of the Treatise, '. 

EM = CA 

Therefore, ^M" = C^y and C3* - CE« = 

:e3^- cBf =^'cm\ 
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Then, because CG ^ CP — GP"-, 

Now, because CT : GP" :: CA^ : CE^\ 

or CT : CTiiGP" : CW; TU' : Oiff' ::CT': CT. 
Then, JG^ : CM :: Cr : CJ.; 

CT :: CJf : CA; 
: IG :: C^ : CM. 
2CT : 27G :: 2CA : 2CiJf; 



or, 76? 
and CT 

Therefore, 



or, TV : IK :: J.B : MN. 

Cor. I. — If, with the same regard to the other alter- 
nate circle, another 

ordinate and another 

chord be drawn; the 

two chords shall be 

to one another as the 

diameters of the alter- j 

nate circles. a 

Through the point 
in which 8TV 
divides the greater 
axis, let there be 
drawn WX^ another 
ordinate to the ellipse. 

Let CX be joined, and, through the point JT, and at 
right angles to CX^ let there be drawn YZ, a chord 
to the external circle. 

Then, ZJTis to FZ as TF to PR. 

For, by the foregoing Proposition, 

TV , IK w AB : MN-, and, also, 
PR : rZ:: AB : MN. 
Wherefore, TV i IK ix PR : FZ; and, 
alternately, TV i PR i. IK i YZ. 
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Cob. n.— If one of the circles cut the axis at a focus, 
its diameter is a mean proportional between the axis, and 
the chord drawn through the end of the ordinate, cutting 
the axis at the same point as the other alternate circle. 
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For, because 



and now, 



AB 



AS 



MN :: TV 

MN = TVi 
TV :: TV : 



IK; 



IK. 



Cor. iil — If the extremity of the chord, drawn 
through the extremity of the ordinate cutting the axis 
in the point in which it is cut bj one circle, meet the 
extremity of the axis ; the diameter of the alternate 
circle shall be a mean proportional between the axis 
and the diameter of the other. 

For, by the conditions of the Proposition, the angle 
at jP is a right angle, as is also the angle CO A ; there- 
fore, by the Corollary to the 8th Proposition of Book VI. 

Elements, 

AC : CG :: C& : CP, 
therefore, 

2AC ; 2CG :: 2CG : 2CP; 
that is, 

AB : TV :: TV : PM. 
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Cor. iv. — If one of the circles cut the axis at a focus, 
and the extremity of the chord, drawn through the 
extremity of the ordinate cutting the axis in the point 
in which it is cut by the alternate circle, meet the 
extremity of the axis; the chord shall be equal to the 
diameter of the internal circle. 

For, by the present Proposition, 

TV : IK :: AB : MN ; 
that is, in the present case, 

TV : lA :: AB : MN ; or, 

AB :MN :: TV : lA; 
that is, as the circle cuts the axis at a focus, 

AB : TV :: TV : lA. 

Now, by the 3d Corollary, 

AB : TV :: TV : PE. 

Therefore, by the 9th Proposition of the Fifth Book of 
Elements, I A = PR. 



Cor. v. — If, as in the 1st Corollary, two chords be 
drawn, and their extre- a 

mities meet the extre- 
mity of the axis ; that 
which is drawn through 
the extremity of the or- i^ 
dinate, cutting the axis 
in the point in which it 
is cut by the internal 
circle, shall be a mean 
proportional between the 
other chord, and the dia- 
meter of the alternate 
circle. ^ 

For, by the 1st Corollary, TV : PE :: IK : YZ. 



X^ 


M^5^^ 
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And, in the present case, IK becomes I Ay and YZ 
becomes YA. 

Therefore, TV : PR \. lA x YA. 
Now, by the 4th Corollary, PB = I A, 
Therefore, TV : lA .: lA : YA. 

Cob. VI. — If the greater alternate circle cut the 
axis at a foe as, and the extremity of the chord, drawn 
through the extremity of the ordinate cutting the axis 
in the point in which it is cut by the internal circle, meet 
the extremity of the axis ; the chord will be a tangent to 
the alternate circle. 

For, by the 4th Corollary, the chord is then equal to 
the diameter of the internal circle. 

Wherefore, by the 19th Proposition, the chord is a 
tangent to the alternate circle. 

Cor. vn. — If the greater alternate circle cut the 
axis at a focus, and the extremity of the chord, drawn 
through the extremity of the ordinate cutting the axis in 
the point in which it is cut by the internal circle, meet 
the extremity of the axis ; the rectangle contained by the 
lines that join each focus, and the extremity of the chord, 
shall be equal to the square of half the chord. 

For, by the conditions of the Proposition, CG is at 
right angles to I A, Therefore, by the 3d Proposition 
of the Third Book of Elements, AO is the half 
of I A, 

Now, from A, a point without the circle 8TV, there 
are drawn two straight lines, AN and AO ; of which 
AN cuts the circle, and AG touches it. Therefore, by 
the 36th Proposition of the Third Book of Elements, 
the rectangle contained by AN and AM 18 equal to the 
square of AG. 

Cor. vin. — ^If the greater alternate circle cut the axis 
at a focus, the chords drawn through the extremity of the 
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ordinate cutting the axis in the point in which it is cat 
bj the internal circle, shall meet the extremity of the axis. 

Let A be the extremity of the axis, and O the extre- 
mity of the ordinate, 
cutting the axis in the 
point in which it is cut 
by the internal circle. 
Join AOf and produce 
it to /, a point in the 
circumference. 

Then, if it be possible, 
let the chord meet the 
circumference of the ex- 
ternal circle in a different 
point, as at F. Join 
0F. 

Now, by the 14th Proposition of the First Book 
of Elements, OF is not in the same straight line 
with GL 

Then, produce FO to JT, a point in the circumference. 
By construction, C&is perpendicular to HF. 

Now, by the 6th Corollary, JJL, meeting the extremity 
of the axis, is a tangent to the alternate circle STV, 
Therefore, by the 18th Proposition of the Third Book of 
Elements, CO is perpendicular to lA^ Wherefore, the 
angles, CO A, COFj are equal, the less to the greater, 
which is absurd. 

Therefore, the chord does not meet the circumference 
of the external circle at the point F. 

In the same manner, the chord may be demonstrated 
to meet the circumference in no other points but / and A^ 
of which one is the extremity of the axis. 

Cob. IX. — ^If the circumference of the greater alternate 
circle cut the axis at a focus, its diameter shall be, to the 
lesser axis, as the chord to the ordinate drawn through 

E 
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the point in which the circumference of the lesser cats 

the axis. 

For, bj the 15th Proposition of the Third Book of the 

Treatise, 

TV : GL :: AB : EF. 

And, bj the present Proposition, 

TV : lA :: AB : MN. 

Now, in the present case, TF = MN, 
Therefore, MN : OL :: AB : EF\ 
And, MN : lA :: AB : JIfiV: 

Therefore, j^-r = AB = ^ . • 

(jtJj lA 

Then, JlfiV^ X GLz^EF y. lA. 
And, JfiV^ : ^i?' :: lA : ©i. 

Cob. X. — ^In the same case, the diameter of the greater 
alternate circle shall be to that of the lesser, as the chord 
to the same ordinate. 

For, by the 16th Proposition of the Third Book of the 
Treatise, the lesser axis is now the diameter of tlie lesser 
alternate cirde. 

Cob. XI. — ^If the circumference of the greater alternate 
circle cut the axis at a focus, the diameter of the. lesser 
shall be a mean proportional between the axis and the 
ordinate drawn through the focus. 

For, by the 15th Proposition of the Third Book of the 

Treatise, 

PR : WX :: AB : EF. 

And, by the 16th Proposition of the same Book, 

EF = PR. 

Therefore, PR : WX :: AB : PR. 

And, AB : PR :: PR ; WX. 
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Cob. XII. — K the greater alternate circle cut the axis 
at a focus, and, as in the 1st Corollary, two chords be 
drawn, and their extremities meet the extremity of the 
axis ; the chord drawn through the extremity of the ordi- 
nate drawn through the focus, shall be a mean propor- 
tional between the ordinate and the diameter of the 
internal circle. 

For, by the 5th Corollary, 

TV : lA :: lA : YA. 

And, by the 4th Corollary, 

PB = lA. 
Therefore. TV : PR :: PR : YA. 
Now, by the 11th Corollary, 

AB : PR :: PR : WX. 

Then, PW = TV x YA; 

And also, PS" = AB X WX. 

Therefore, AB x WX= TV x YA. 

Then, AB ; TV ;: YA : WX. 

Now, TV = MN. 

Therefore, AB : MN :: YA : WX. 

And because, by the 5th Definition of the First Book 
of the Treatise, the internal circle is now the alternate 
circle ; by the present 21st Proposition, 

AB : MN :: PR : YA, 

Therefore, by the 11th Proposition of the Fifth Book 
of Elements, 

PR : YA :: YA : WX. 
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PROPOSITION XXIL 

Theobeh. — If a diameter of an ellipse he parallel to one 
of the sides of a parallelogram inscribed in the ellipse^ 
it cannot he also a diameter of the parallelogram. 

For, by the Definition subjoined to the 34th Proposition 
of the First Book of Elements, a diameter of a parallel- 
ogram joins its opposite angles. 

Therefore, if this diameter were parallel to one of the 
sides of the parallelogram, two parallel straight lines 
would meet; which is absurd. 

Cob. A diameter of an ellipse, if parallel to one of the 

sides of a parallelc^ram inscribed in the ellipse, must cut 
two other sides of the parallelogram. 



PROPOSITION XXIII. 

Problem. — A semi-diameter of an ellipse heing given ; to 
mahe it a msan proportional hetween an absciss taken 
on it, and the given semi-diameter produced. 
Let CE be a semi-diameter of the ellipse EF&. 
CE is required to 
be made a mean pro- 
portional between some 
absciss, as CP, and 
the semi-diameter pro- 
duced, as to T, 

From the centre C, 
at the distance CEy 
describe the circle 
LEH. 

At some distance 
greater or less than CE 
describe another circle, 
NIK. 
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To these, as alternate circles, describe an external 
circle ABD. 

Through the centre C^ draw the straight line AlKy 
cutting the circumference of the alternate circle NIK, 
in the points / and K. 

Upon the line C£!y take CP, equal to A I, and produce 
CJE to r, making CT equal to AK. 

Then, C£J will be a mean proportional between CJP 
and CT, 

For, by the 11th Proposition of the First Book of the 
Treatise, C£! is a mean proportional between AI and AK, 

Now, CP is equal to -4./, and CT is equal to AK, 

Therefore, by the 7th Proposition of the Fifth Book of 
Elements, * CP : CE :: CE : CT. 

ScHOL. — The circles, determining the proportions of 
the parts of the semi-diameter produced, need not be 
concentric with the ellipse, but may be quite detached 
from it For the 11th Proposition of the First Book of 
the Treatise shows a concise way of obtaining, without 
calculation, and without scale^ three lines, of which two 
are arbitrary, and of which one is a mean proportional. 
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PROPOSITION XXIV. 

Theobbh. — If the diameter of an external circle be cuty 
on the seme side of the centre^ by the circumferences of 
two alternate circles; the radius of one of the alternate 
circles shall be a mean proportional between th£ parts 
into which the diameter of the external circle is divided 
by the circumference of the other. 

Let A By the diameter of the external circle ABD^he 
cut in the points M and 
P, on the same side of 
Cy the centre, by the cir- 
cumferences of the alter- 
nate circles LMN and 
PQB; then PC, the 
radius of one circle, shall 
be a mean proportional 
between J. -Sf and MB, 
the parts into which AB 
is divided by the circum- 
ference LMN. 

For, by the 2d Defini- 
nition of the First Book of the Treatise, 

Now, 

PS* = ^PC\ and MN = AB -- 2AM. 

Then, 
MN' = AB - ^AB X AM + AAM^. 

Therefore, 

Aff-^^AB >i AM + ^AM' + ^PC ^ AB\ 

Wherefore, 

-. ^AB X AM + 4AM^ + ^PC' = 0. 

Then, 

4PC' = ^AB X AM- ^AM\ 
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Or, PC' ==ABx AM" AM\ 

Therefore, AM : PC :: PC : AB — AMy 
Or, AM 2 PC :: PC : MB. 



Cob.— If a dia- 
meter common to 
an ellipse and an 
external circle be 
divided in the same 
manner bj two 
alternate circles, 
the same parts will 
bear the same pro- 
portions to the 
radius. 




PROPOSITION XXV. 

Pboblem. — A diameter common to an ellipse and to a 
circle heing given, to take on it an absctss, such that 
the corresponding ordinate shall be equal to the given 
diameter; and to make the circle external to two alter- 
nate circles, of one of which the ahsdss shaU be a radius. 

Jj&tAB be a diameter common to the ellipse AEBF, 
and to the circle ABD, There is required, upon it, 
CP, an absciss, such that OH, the corresponding ordi- 
nate, shall be equal to A By and that the circle ABJD 
shall be external to two alternate circles, PQXand 
8TV ; CP being a radius of P QX. 

Draw EF, the conjugated diameter. 

Suppose the alternate circles described, and let P Q be 
a diameter of the circle PQX, and TVk diameter of the 
alternate circle STV. 
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CaU AB, a ; EFy h ; PQ, x ; and TV, y. 

Then, by the 15th Proposition of the Third Book of the 

Treatise, 

TV : GH :: AB : EF; 



that is, 

and. 
Again, 



y : a 



aa 
a : b; or, y = -7- 



b ' 



aaaa 



Then, 



^^"^-bb" 
aa = XX '\- yyy 

aaaa 
yy =:aa — xx= -^. 

aaaa 
— XX = — ;r, aa. 



6& 



a?ar =^ aa — 



aaaa 



bb ' 



aahb — aaaa aa ,- , ^ 

XX = 71 = ri (^^ ■" ^^)> 



bb 



X 



bb 



a 



= r \/bb — aa. 



Therefore, from the 
centre (7, at the dis- 
tance CP, equal to 



a 



^\/bb - aa, 

describe the circle 
PQX; and, by the 
4th Proposition of the 
First Book of the 
Treatise, describe the 
alternate circle 8 TV. 

Through P, the 
point in which the dia- 
meter AB is cut 
by the circumference 
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PQXy draw the ordinate GH. It shall be that 
required. 

Cor. — The equation « == ^\/hh — aa shows that if 

^-B be greater than EFy the problem is impossible. 



PROPOSITION XXVI. 

Theorem.— i/*^Ae absciss of an ellipse he the radius of a 
circle, and the corresponding ordinate he equal to the 
diameter common to the ellipse and an external circle; 
the diameter of the alternate circle shall he to the ordi- 
nate as the ordinate to the corrugate. 

For, by the 15th Proposition of the Third Book of the 
Treatise, the diameter of the alternate circle shall be to 
the ordinate as the dia- 
meter of the ellipse to 
its conjugate. 

Now, here, the ordi- 
nate is equal to the 
diameter of the ellipse. 

Therefore, by the 
7th Proposition of the 
Fifth Book of Ele- 
ments, the diameter of 
the alternate circle shall 
be to the ordinate as 
the ordinate to the con- 
jugate. 

otherwise. 

Let CJP, the absciss 
of the ellipse AEBF, be the radius of the circle PQX, 
and let OH, the corresponding ordinate, be equal to A By 
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a diameter common to the ellipse AEJBF, and the eic- 
ternal circle ABD; let EFhe the conjugated diameter, 
and let TV be the diameter of the alternate circle STV; 
then TV shaU be to GJS as GH to EF. 

For, by the 15th Proposition of the Third Book of the 
Treatise, TV is to OH as AB to EF 

Now, in the present case, OH is equal to J.^. 

Therefore, bj the 
7th Proposition of the 
Fifth Book of Ele- 
ments, TV is to OH 
as OH to EF. 

Cob.— K CP be 
produced so that CK 
shall be equal to CE ; 
CB, the semi-diameter 
of the ellipse, will be a 
mean proportional be- 
tween the absciss taken 
on it and the semi-dia- 
meter produced. 

For, because TV is 
toOH&sOHtoEF; 

and CV is the half of TVy CB equal to the half of OH, 
and CK equal to the half of EF; CF is to CB as 
CB to CK. 
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PROPOSITION xxvn. 

Theorem. — If the absciss of an ellipse be the radius of a 
circle, and the corresponding ordinate be equal to the 
diameter common to the ellipse and an external circle, 
and, through the point in which the circumference of 
the alternate circle cuts the common diameter, there be 
drawn an ordinate to the ellipse ; the semirordinates 
shall be to one atiother, aJtemately, as the semi-dia- 
meters of the alternate circles. 

Let CP, the absciss of the ellipse AEBF, be the 
radius of the circle PQX, and let O H, the correspond- 
ing ordinate, be equal to ^jB, a diameter common to the 
ellipse AEBF, and the 
external circle ABJD; 
let ^i^bethe conjugated 
diameter, let TV be the 
diameter of the alternate 
circle STV, and through 
the point V, let the ordi- 
nate OYhe drawn. 

Then, 

pb: lOViiCV: CP. 

For, by the 15th Pro- 
position of the Third 
Book of the Treatise, 
TV:GH::AB:EF. 

And, bj the same 
Proposition^ 

PQ : or 

Therefore, TV : GH 
And,, JTF liGH.i^PQiior. 
Or, Cr : PH :: CP : OV, 

Cr : CP :: PH : OV, 
PR : OV :: CV .: CP. 




AB : EF. 

PQ : or. 
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Cor. l — ^If half the common diameter be produced, so 
that it shall be equal to half the conjugate, and a straight 
line be drawn from the end of the produced semi-diameter 
to the end of the ordinate drawn through the point in 
which that diameter is cut by the circumference of the 
alternate circle ; that straight line shall be parallel to a 
diameter drawn from the alternate end of the other 
ordinate. 

From the point jET, 
draw the diameter H.L, 
Produce the semi-dia- 
meter CB to Ky 

making CK equal to 
CE, Join KO, 

KO and KL shall 
be parallel. 

For, because circles 
are, to one another, as 
the squares of their 
semi-diameters, and 
that ABiy\& external 
to the alternate circles 
iSTFandPQX, 




X ^'"i' 



And, by the Corollary to the 26th Proposition, 



CFx CJr= CB. 



Wherefore, 



CF X CK^ CV' + CP\ 

CK X cr ^ cv' ^ cP'y 

{CK - CV) CV = UP. 

That is, VKy. CF = CP\ 

Therefore, CV . CP ii CP i VK. 
Now, by the foregoing Proposition, 

PH : or :: CV : CP. 
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And as CP : VK :: CV : CP, 

PR : OV :: CP : VK. 

Then, OV : PH :: FJT : PC; 

Or, FO : FJT :: PH \ PC. 

Therefore, bj the 6th Proposition of the Sixth Book of 
Elements, the triangles CHP and KOV are equi- 
angular, and have those angles equal which are opposite 
to the homologous sides. 

Therefore the alternate angles P CH and VKO are 
equal. 

Wherefore, by the 27th Proposition of the First Book 
of Elements, CH and KO are parallel. 

Cob. n. — If, from the point in which the circumference 
of the alternate circle is cut by the aforementioned ordi- 
nate, there be taken, on its diameter, another point, at a 
distance equal to the difference between that diameter and 
the greater diameter of the ellipse, and from the alternate 
end of that ordinate, there be drawn to that other point a 
line; it shall also be parallel to the diameter drawn from 
the alternate end of the other ordinate. 

From the point F, take the distance F/, equal to FJT, 
and join YI. 

YI shall be parallel to HL. 

For, because OJ'is an ordinate, OF is equal to YV, 

And, because the angles OF-iBTand J Fl^* are vertical 
angles, they are equal 

Therefore the triangles KVO and IVY have two 
sides of the one equal to two sides of the other, each to 
each, and have likewise the angles contained by those 
sides equal to one another. 

Wherefore, by the 4th Proposition of the First Book 
of Elements, the two triangles are equal, and the other 
angles are equal, each to each. 

Therefore the angle VIY is equal to the angle VKO, 
and the angle VYI is equal to the angle VOK 
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Wherefore, bj the 27tb Proposition of the First Book 
of Elements, Jl^ and KO are parallel. 

And KO has been shown to be parallel to CS. 

Therefore, by the 30th Proposition of the First Book 
of Elements, YI is parallel to LH. 

Cob. iil — The straight line drawn from the end of the 
produced semi-diameter to the end of the ordinate drawn 
through the point in which that diameter is cut by the 
circumference of the alternate circle, is a tangent to the 
ellipse. 

Produce KO indefinitely. 
KO is a tangent to the 
ellipse. 

Produce YI to X, a 
point in the circumference 
of the ellipse, and, through 
the centre C, draw the 
straight Hues XZ, YWyto 
the circumference of the 
ellipse. 

Join WX, XY, YZ, 
and WZ. 

Then, by the 4th Propo- 
sition of the Third Book of 
the Treatise, XZ and YW 
are diameters of the ellipse. 

And, by the 2d Corollary of the 2d Proposition of the 
Fourth Book of the Treatise, WX, XY, YZ, and WZ, 
are four sides of a parallelognun. 

And it is inscribed in the ellipse. 

And, of these four sides of the parallelogram, XY\s 
parallel to LH. 

Wherefore, the opposite side, WZ, is parallel to LH. 
Therefor^ the other sides, WX and YZ, are cut by 
the diameter L JET. 
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Let them be cut in the points Q and U. 

Then, Q UYX is a parallelogram. 

Wherefore, bj the 
34th Proposition of 
the First Book of 
^Elements, QXand 
UY are equal to one 
another. 

For a like reason, 
QW and UZ are 
equal to one another. 

Then, because the 
angles Q,CX and 
UCZ are yertical 
angles^ thejare equal. 

And, because CXQ 
BJkdCZUBre alternate 
angles, they are equal 

And the ffldes CX and CZ are equal, by the 5th 
Definition of the Third Book of the Treatise. 

Ther^ore, by the 26th Proposition of the First Book 
of Elebients, QXIb equal to UZ. 

Now, QX is equal to UY, 

Therefore, UZ is equal to UY^ and the line YZ 
is bisected in the point U. 

In the same manner, the line WX may be shown to 
be bisected in the point Q. • 

Then, because the angles MCX and NCZ are 
vertical, they are equal. 

And, because the angles iUfXCand NZC are alter- 
nate, they are equal, by the 29th Proposition of the First 
Book of Elements. 

Wherefore, the angles CMX and CNZ are also equal 

And, because CX and CZ are equal, the other sides 
of the triangles, CMX^ CNZ^ are equal, and MX is 
equal to NZ. 
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In like manner, MJT may be shown to be equal to NW. 

And because the triaogles CNZ and CUZ are upon 
the same base, (7Z, and between the same panllels, CU 
and NZf they are equal to one another, by the 37th Fto- 
position of the First Book of Elements. 

And, because the triangles CNZ and CUZ^axe equal, 
and that the angle UCZ is equal to the angle CZN; 
CZ is to CI/^ as CZ is to ZN, by the 15th Proposition 
of the Sixth Book of Elebients. 

Therefore, CU is equal to ZN. 

In the same manner, CU may be shown to be equal to 

But MY has been shown to be equal to NW. 

Therefore ZN is equal to NW, 

Wherefore WZ is bisected in the point N. 

In the same manner XY may be shown to be biaected 
in the point M. 

Therefore the two straight lines, I/JS and OM^ in 
the ellipse, bisect the opposite sides of WXYZy the 
parallelogram- inscribed in it 

LH toid OR are therefore conjugated diameters, by 
the 10th Proposition of the Fourth Book of the Treatise. 

Now, the line KO la drawn through the end of one of 
^these two conjugated diameters, and is parallel to the 
other. 

Therefore, by the 3d Definition of the FonHh Book of 
the Treatise, KO is a tangent to tlie ellipse. 

Cob. iv. — ^If half of the diameter oommon to the ellipse 
and the external circle be a mean proportional between 
the radius of one of the alternate cirdes and the semi- 
diameter produced, and an ordinate be drawn through 
the point in which the semi-diameter is cut by the circum- 
ference of that alternate circle; a straight line, drawn 
from the end of the produced semi-diameter through the 
end of the ordinate, shall be a tangent to the ellipse. 



ALTEBNATE CIBCLES. 53 

Thus, let CB be a mean proportional between CV 
and CKi the former, namely, CV^ being the radius of 
one alternate drde 8TV^ and the hitter, CiT, being CB 
produced; and let 01^ be an ordinate drawn through F, 
the point in which CB is cut by the circumference of 
STVf and let KO be joined and produced indefinitely; 
then KO is a tangent to the ellipse. 

The demonstration of this Corollary is to be found in 
those of the preceding Corollaries, and especially in that 
of the third. 

ScHOL. — ^When the tangent falls upon the end of the 
ordinate drawn through the point in which one alternate 
circle cuts the common diameter ; the diameter parallel to 
that tangent falls upon the opposite end of an ordinate, 
drawn through the point in which the other alternate 
circle cuts the common diameter. 

Thus, let the tangent KO fall upon O, the end of the 
ordinate OYy drawn through F, the point in which the 
alternate circle STV cuts the common diameter AB, 
and let 2/ JET be the diameter parallel to KO; then LIT 
shall fall upon the opposite end of (?JEr, the ordinate 
drawn through P, the point in which the other alternate 
circle, PBJ, cuts AB, the common diameter. 

Cob. y. — ^If, from the alternate ends of two ordinates, 
drawn through the points in which the diameter, common 
to an ellipse and an external circle, is cut by two alternate 
circles, there be drawn two diameters to the ellipse ; 
those diameters shall be conjugated. 

SOHOL. — The truth announced in the above-stated 
3d Corollary is the same as that set forth in the 3d Corol- 
lary of the 6th Proposition of the Second Book of the 
Conic Sections of the Marquis de THospitaL 

f3 
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ACOOBDIKG to the method hitherto used by mathe- 
maticianS) the equations to the ellipse are quadratick. The 
reason of this is^ that algebraists have been used to express 
the properties of the ellipse by signs and letters denoting 
the proportions that certain squares and parallelograms 
bear to eacli other. 

Bat, in the method now to be proposed, and resting 
upon the theory exhibited in the Treatise, the properties 
of the ellipse are to be expressed by signs and letters 
denoting the proportions that certain straight lines bear 
to each other. These will, at first, produce only simple 
equations. 

Thus, to express in algebra the conclusion to which 
we come in the 15th Proposition o£ the Third Book of 
the Treatise, namely, that the diameter of the alternate 
drde is, to the ordinate, as the diameter of the ellipse 
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to its conjugate, and calling the diameter of the alternate 
circle 2^, the ordinate 
2y, the diameter of 
the ellipse 2ty and its 
conjugate 2 {;, we have / 

2w : 2y :: 2t : 2c, 

or, ty = cUf 

which is a simple 
equation. 

Greometrical pro- 
portions between other 
straight lines, or be- 
tween their sums, or their differences, are the results of the 
mode of reasoning employed in the Treatise on the Ellipse. 
These results may be expressed in algebra, and the conse- 
quent equations will be simple. Thus, because, by the 
9th Proposition of the Third Book, if a circle and a^ 
ellipse have a common diameter, the distance of the 
centre fi-om an ordinate of the ellipse is proportionate to 
its distance from the corresponding ordinate of the circle ; 
we may consider the distances of the ordinates of th^ 
circle from its centre as 
given quantities, certain 
lengths taken on the dia- 
meter, and call them a 
and b; and we may con- 
sider the distances of the 
ordinates of the ellipse 
from the same centre as 
unknown, and call them 
X and y, respectively cor- 
responding with a and b. 
Then, x : a :: y : b; 
that is, ay^bXy 
which isasimpleequation. 
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In the 25th Proposition, the diameter of the alteroate 
circle is to the chord of the external circle as the greater 
axis of the ellipse to the line which joins the focuses. 

Calling the diameter 
of the alternate circle 
2Uy the chord 2zy the 
greater axis 2 ty and the 
line which joins the 
focuses 2771, we find 

2u : 2z :: 2t : 2m; 

that is, mu = tz. 

In the 1st Corollary 
to the same Proposition, 
the ordinate is to the 
chord as the lesser axis 
to the -line which joins the focuses. 

Calling the ordinate 2y, the chord 2zy the lesser axis 
2€y and the line which 
joins the focuses 2m ; 
we find 

2y : 2z :: 2c : 2mi 

or, my = cz. 

Equations of higher 
dimensions may, faow- 
eyer, be easily obtained, 
by treating such as the 
foregoing in a certain 
way. Or they will 
occur in analytical rea- 
soning about the ellipse. 

That such equations arise from treating alternate circles 
analytically, is evident from the solution of the Problems 
in the pieeeding Book. 

' And, with regard to the ellipse^ we may, eren by pro- 
ceeding a little further tiian we hare here done, oonvert 
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some of these simple equations into precisely the same 
quadraticks as are found in the usual way. 

For example, having, from the 15th Proposition of the 
Third Book of the Treatise, deduced the equation ct< = fy, 
and the proportion, t : c :: u z y, we find, by the 22d 
Proposition of the Sixth Book of Elements, 

tt : cc :: uu : yy* 

Now, calling the absciss a?, we find that x represents 
the radius of the alternate circle in which the absciss is^ 
Then, by the definition of alternate circles, 

40505 + Auu = 4ff, 

that is, ttw = f f — 0505, 

then, tt I cc II tt '^ x^ I yy. 

Wherefore, yy = cc — , which is the same 

formule as one of those in the 41st paragraph of the 
Treatise on the Conic Sections by the Marquia de 
I'Hospital. 

The use of converting simple equations into some of 
higher dimensions is, to find out the constitution of the 
latter, and to see how they may be reduced. 

So, by multiplication, we arrive at the knowledge of 
division. And so, by involution, we may find the way to 
evolution. 

Thus, in the present case, going back to where we 
began, that is, taking the opposite course, we find that the 

equation yy = cc -— comes to the geometrical 

proportion, tt : cc :: tt -^ xx i yy\ 

and as tt-^xx represents the difference between the 
squares of two lines, that are, in fact, the radiuses of two 
concentric circles, we may, by describing a circle alter- 
nate to the least of these, obtain one, the square of whose 
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radius is equal to the difference between the squares of 
the two lines in question. We may then substitute it for 
that difference, and thus obtain the proportion, 

tt : cc :: uu : yy, 
which comes to, t : c :i u : j/; 
or, cu = fy, 

a simple equation. 

Now, as in every equation that expresses the properties 
of the ellipse, in the common method, there are two terms 
with contrary signs, thus expressing the difference be- 
tween the squares of two lines, of which one is a fixed, 
and the other a variable quantity ; and as by the present 
process there may be substituted for that difference, and 
equal to it, the square of one variable line, the number of 
the terms in the equation may thus be reduced. And 
then, as in some cases, the equation may be turned into 
a proportion consisting of four rational terms, the roots 
of those terms may be extracted, and the equation may be 
simplified. 

Thus, taking the figure belonging to the 25th Proposi- 
tion of the Third Book of the Treatise, and cidling 
TV 2w, IK 2zy AB 2t, and MN27n, we have, by 
that Proposition, the proportion, 

2u : 2z :: 2t : 2m, 
uu I zz XI tt I mm. 

Now, CP is the absciss, and may be called x. It is 
also the radius of the internal circle. The diameter of 
that circle will therefore be 2x» 

Then the square of the diameter of the alternate circle 
is equal to the difference between the square of the greater 
axis and the square of the diameter of the internal circle ; 
that isy A tt — A XX = 4ww. Wherefore, 

Att — Axx 2 ^zz :: Att : 4mm; 
or, mmtt — mmxx =: ttzz, 

a quadratick equation. 
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How this may be xeduced to the utmost simplicity has 
been abeady shown in the former case. But, in both' 
cases, the Proposition had been ahready demonstrated.; 
and we have therefore be^un with the result. This has 
facilitated the operations. If we had begun the demon- 
stration algebraically, there might have occurred, in the 
course of it, a case of much more complexity, one in which 
the preceding mode of reduction might have been much 
more wanting. 

This complexity, however, may not take place if the 
demonstration be begun on the principle of alternate 
circles. That principle tends to introduce simplicity. 
Thus, taking the 15th Proposition of the Third Book of 
the Treatise, and calling AB 2t, EF2c, TW 2% and 
OS 2y, we have, 

DR = 2t, 

and 2t : ON :: 2c : 2y, 

by the 10th Proposition. 

And again, 0N=2u; 

therefore, 2t : 2u :: 2c : 2y, 

Then, cu = ty^ 

and u I y II t \ c. 

That magnitudes have the same ratio to one another 
which their equimultiples have, and that if four straight 
lines be proportionals, their squares shall also be propor- 
tionals ; and if four squares be proportionals their sides 
shall be proportionals; should always be recollected in 
what is to follow. 

The effect by which quadratick equations, which consist 
of three terms at least, are now reduced to two, and are 
thus rendered reducible to simple equations, is brought 
about not merely by substituting one expression for 
another. A different property of the ellipse is simul- 
taneously introduced. Thus, if the diameter of the ellipse 
be called 2^, and its conjugate 2c^ the absciss x^ and the 
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semi-ordinate y ; then, because the sqaare of the diameter 
is to the square of its conjugate, as the difference between 
the square of half the diameter and that of the absciss is 
to the square of the semi-ordinate, the proportion is 
expressed thus, 

Att : Ace :: tt ^ xx : yy. 

But, in the method now proposed, the diameter of the 
ellipse is the same with the diameter of the external 
circle, the absciss is the same with the diameter of one 
alternate circle, and, therefore, the difference between the 
squares of their radiuses is equal to the difference between 
the square of half the diameter of the ellipse and the square 
of the absciss. Now the difference between the squares 
of the radiuses above-mentioned is also equal to the 
square of the radius of the alternate circle, and may 
therefore, in algebra, be substituted for it. But, though 
equal in quantity, it is a different thing. It is the same 
in quantity, but not in figure. It is the same in algebra, 
but not in geometry. It therefore expresses a different 
property of the ellipse. 

The reduction of an equation is very different from its 
solution. The reduction of an equation is the diminution 
of its dimensions. To solve it is to show the value of its 
unknown quantity in quantities that are given. 

The processes of reduction and solution differ as widely, 
or still more widely, than the objects. 

Heduction (as has been shown) may be effected by 
substituting one term for two. 

Solution may be effected by substituting two terms 
for one. 

Thus, if the equation be 

XX ^ {a -k- h) X + ah ^= ; 
then, if we make x :=s y -\ — , and substitute for 

G 
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X its value thus assnmed, the equation becomes 

(a + by ^ ^ 

in which the second variable term no longer appears, as 
it has vanished in the process. 

By proceeding towards the solution of this equation, 
we find, 

aa — 2ab -\- bb , 
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The foregoing theory gives to the ellipse a new charac- 
teristick, inasmuch as it may now be expressed by a simple 
equation, and does not require the second powers of the 
variable quantities. 

The variable quantities expressed by the simple equa- 
tion are, indeed, not both the same as those expressed by 
the quadratick equation in the former method, in which 
one variable quantity was the absciss and the other the 
ordinate. In the present method, there is an absciss and 
an ordinate, but they are not both expressed. The ordi- 
nate is expressed by the equation. The absciss is the 
semi-diameter of one alternate circle. But the other 
quantity, expressed as corresponding to the ordinate, is 
the diameter of the other alternate circle. 

The relation that exists between the formule hitherto 
used for expressing the nature of the ellipse with refer- 
ence to its diameters, and that now proposed, may be 
shown in the following manner : 
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The expression tt — xx : yy :: Att : 4cc means, 
that the difference between the square of one semi-dia- 
meter of the ellipse and the square of an absciss, is to the 
square of half the corresponding ordinate as the square of 
the whole diameter is to the square of its conjugate. 

But, according to the 15th Proposition of the Fifth 
Book of Elements, the foregoing expression maj be 
converted into 

4tt — 4xx : 4yy :: 4tt : 4cc; 

which means, that the difference between the square of 
the diameter and the square of twice the absciss is to the 
square of the corresponding ordinate as the square of the 
same diameter is to the square of its conjugate. 

Now, the diameter of the ellipse is equal to the diameter 
of the external circle. 

Twice the absciss is equal to the diameter of one of the 
alternate circles. 

Therefore, the difference between the squares of these 
two lines is equal to the square of the diameter of the 
other alternate circle. 

Substituting this quantity for the difference to which 
it is equal, we come to the following Proposition : — 

The square of the diameter of the alternate circle is to 
the square of the ordinate as the square of the diameter of 
the ellipse is to the square of its conjugate. 

Wherefore, by the 22d Proposition of the Sixth Book 
of Elements, we have the following : — 

The diameter of the alternate circle is to the ordinate 
as the diameter of the ellipse to its conjugate. 

Which exactly agrees with the 15th Proposition in the 
Third Book of the Treatise ; and, calling the diameter of 
the alternate circle 2u, and the ordinate 2y, we come to 

2u : 2y :: 2t : 2c; 

or, u : y :: t : c. 

Still this simplicity is, in reality, not so great as at 



64 ALTERNATE GIBCLBS. 

first it appears to be. Modem analysis expresses the 
nature of curres principally by the relation that subsists 
between the absciss and the ordinate, which always meet 
at some point. In the method now proposed, the absciss 
disappears. Some operations may still be performed upon 
the curve by the use of the simple equation. But, to 
make these intelligible to the modem analyst, the absciss 
must be restored to its place. In doing this, we find 
that the diameter of the alternate circle is replaced by a 
surd ; that is, by the square root of the difierence between 
two squares. One of these squares is that of the diameter 
of the ellipse. The other is that of twice the absciss. 
Algebraically we may say. 



When we substitute for u its viJue, we introduce the 
absciss ; but it returns with a complexness that places the 
ellipse amongst lines of the second order, and at the same 
time enables us to lay it down on the same principle as 
other curves that are called geometrical. 

The same thing occurs if we advert to the principle 
contained in the 25th Proposition of the Treatise on the 
Ellipse. 

There, if we call the diameter of the alternate circle 2t«, 
the chord 2zy the greater axis 2t, and the line which joins 
the focuses 2 m, we come to the expression, 

2u : 2z :: 2t : 2m; 
wherefore, z = — , 

than which no equation can be, apparently, more simple. 

But, substituting for 2u its value \/Att — 4a?a?, we 

have, 

^/4tt — 4xx : z :: 2t I 2m; 



, 7n\/tt — XX 

whence, z = —^ 

t 
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Then, calling the lesser axis 2c, and the ordinate 2y, 
by the 1st Corollary of the same Proposition we have, 



2m\/tt — XX 
2y : i^— :: 2c : 2m; 



or, ^mtty = Acmt^tt — xxi 

ccxx 



which comes to yy ^= cc — 



tt 



which is the very formule in the 41st paragraph of the 
Treatise that the Marquis de I'Hospital has written on 
the Conic Sections. 

In the equation, tz = mu, the absciss and the ordinate 
both disappear. One of the variable quantities is the 
diameter of an alternate circle; the other is a chord of 
the external circle. But these quantities vary in magni- 
tude conformably to the variations of the absciss and the 
ordinate. 

The common equaticms to the ellipse express a relation 
between two straight lines that are both variable, and of 
which each is terminated, at one end, by the point at 
which they meet. This relation is denoted by introducing 
the squares of two other lines which are fixed and invari- 
able. These squares constantly bear the same proportion 
to each other, although the variable lines do not. But 
their squares bear to each other the proportion which is 
borne to each other by the square of one of the variable 
lines and the difference between the square of one of the 
fixed lines and the square of the other variable line. This 
proportion is expressed by the common equation. 

The method of alternate circles presents a line of which 
the square is precisely equal to the foregoing difference. 
The square of that line may therefore be substituted for 
that difference in the common equation. This substitution 
introduces into the equation itself a great deal of simpli- 
city; for thus the equation is made to consist of four 

g3 
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complete squares, of which the roots may be extracted. 
The roots bear to one another a geometrical proportion, 
and form a simple equation, or one of the first degree. 
But this substitution deprives the equation of one im- 
portant characteristick ; that of expressing the relation 
between the two variable lines. For, upon the substi- 
tution taking place, one of those lines disappears. And 
the line that is introduced is of quite another character, 
appears in another place, and bears a different relation to 
the other quantities in the proportion, or the equation 
that is derived from it 

However, the result of the simple equation maj be used 
with much more facility than can be that of a quadratic k; 
and, if the equation of greater dimensions should again be 
wanted, it may be restored by reversing the process by 
which it had been reduced. 

Another kind of simplicity may be obtained by the 
same expedient. Thus, if the equations 

tt — 2tz + zz = yt^ + mm — 2mx + xx, 
and tt -H 2tz + zz =i yy -^ mm + 2mx -f xxy 
be to be added together, their sum is 

2tt + 2zz = 2yy -|- 2mm -h 2xx, 
which comes to 

tt — xac = yy -I- Ti^m — zz. 

Now, the substitution of uu for tt ^ xx gives 

ifu = yy -h mm — zz, 
uu -^ yy ^=^ mm — zz, 
(u + y) (« — y) = (w -h z) (m — z) 
u + y : m + z i: m — z : u — y. 

The foregoing equations are taken from the Ist Propo- 
sition of the Second Book of the Conic Sections of the 

Marquis de FHospital, in which he shows that z = — . 
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And in the 2d Proposition he shows that, hy putting, 
in the place of Zy its value in the equation, 

tt dz 2tz + 2?2f =: yy -f mm db 2mx + xxy 

it becomes 

tti/i/ = ^* — ttxx — mmtt -H mmxx, 

or, tt^y H- mmtt — mmxx = <* — ttxxy 
or, ttyy + {tt — xx) mm ^^ {tt — xx) tt. 
Now, substituting for ^i — xx its value ww, we have 
ttyy ^ ttuu =^ — mmuuy 
— << (yy — uu) = mmuuy 
yy — uu : uu :: mm : — tt 

The Marquis de I'Hospital makes the centre of the 
ellipse the origin of the absciss. He calls half the greater 
axis t, half the line that joins the focuses m, the absciss Xy 
the semi-ordinate y, and a portion of the axis, commencing 
at its extremity, and equal to a line drawn from the 
neighbouring focus to the end of the semi-ordinate, z. 

From hence arises the equation, 

tt — 2tz -^ zz = yy + mm — 2mx + xx. 

By substituting for z its value, and for the difference 
between the square of half the greater axis and the square 
of the absciss, reckoned from the centre, the square of 
the alternate circle, we arrive at the equation, 

tt {uu — yy) := mmuu. 



Now, if we substitute for «, \/ax — xx ; for m, 

a — c _ ^ tt , 

— ^ — ; and for t, ^ ; the proportion, 

uu — yy : uu :: mm : tt^ becomes 
ax — XX — yy : ax — xx : : aa — 4ac + 4cc : aa. 

Then, by the I7th Proposition of the Fifth Book of 
Elements, 

— yy : aa? — xx :: — 4ac + 4cc : afl, 

— aayy = ( — 4ac -f 4oc) {ax — opx), 
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aayy = (4ac — 4cc) (aa? — xx\ 

4ac — 4cc , . 

yy = X {ax — aja?); 

which is the formule of M. Bezout, in his course of 
Mathematics. 

But M.Bezout makes the extremity of the axis the 
origin of the absciss. He calls the axis a, the absciss a?, 
the ordinate y^ and the distance between the extremity of 
the axis and the nearest focus c ; and from these, by a 
process of reasoning, he comes to the equation now stated. 

By the use of the alternate circles, we have here a kind 
of simplicity, although it does not lead us to a simple 
equation. It leads to a proportion in which three of the 
magnitudes are complete squares, the other consisting of 
the difference between two. 

The simplicity of an equation depends on the nature 
and number of the quantities expressed. Many dimen- 
sions require high powers; and many numbers require 
many terms. The lower the powers, and the fewer the 
terms, the greater the simplicity of the equation. 

When one term may be fairly substituted for the sum 
of two, or for the difference between two, a degree of 
simplicity may be introduced. 

With regard to Propositions, the case is very much 
otherwise. With them, number conduces to simplicity. 
A final result may sometimes be obtained by means of 
several propositions and demonstrations, with much more 
simplicity than by a single one. 

Thus, the 6th Proposition of the Second Book of the 
Conic Sections of the Marquis de I'Hospital is, that the 
square of a semi-ordinate to a diameter of an ellipse is 
to the rectangle contained by the parts of that diameter, 
as the square of its conjugate is to the square of the whole 
diameter. 

He, indeed, says " ordinate," but means what we call 
** semi-ordinate.'* 
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The loth Proposition of the Third Book of the Treatise, 
i% that if a diameter common to an ellipse and an external 
circle be divided by an ordinate, the diameter of the 
alternate circle shall be to the ordinate, as the diameter 
of the ellipse to its conjugate. 

Now if, for the square of the semi-diameter of the alter- 
nate circle, we substitute its equal ; that is, the rectangle 
contained bj the parts of the diameter, the 6th Propo- 
sition of the one Book is immediately deducible from the 
15th of the other. 

In the 15th Proposition, the diameter of the alternate 
circle is 2 CTy the ordinate is 2 P G^, the diameter of the 
ellipse is A By and its conjugate is EF, 




And the result is, 

TW : GH : 

Or, 2CT i2PGi 
Wherefore, CT i PG : 

And CT' : PG^ : 



AB : EF. 
AB : EF, 
AB : EF. 

A& : EF\ 



But, 
Wherefore, 



CT =^AP y. PB. 



Or, 



AP X PB : PG :: AB : EF\ 
PG' : AP X PB :: EF' : AB\ 
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That is, the square of the semi*ordinate is to the rect- 
angle contained by the parts of the diameter, as the 
square of the conjugate to the square of the whole 
diameter. 

But then the result has be^n arrived at bj means of 
many previous propositions, and simplicity may be con- 
sidered as obtained by means of prolixity. 

The same principle maybe carried further; and, in 
laying down the curve of the ellipse, we may make use 
of two equations. 

An absciss and an ordinate are wanted for laying down 
a curve. 

Now, when the ordinate passes through the point in 
which one alternate circle cuts the diameter of the ellipse, 
the absciss is the radius of that circle ; and that radius is 
the square root of the difference between the squares of 
the radiuses of the two other circles. 

Thus, if we call the diameter of the alternate circle 2Uy 
its radius will be u. If the diameter of the ellipse he2t, 
the radius of the external circle wiU be t. 

Then, if the absciss be a;, we have the equation, 



XX =z tt '^ uUf or, X = ^tt — uu. 
Now, because ty ^:z cu, y =. — . 

The usual method gives one equation and two variable 
quantities. 

The method now proposed gives two equations and 
three variable quantities. 

But u may be anything, provided it be less than t. 
And the value of u determines the values of x and y^ 
which may be deduced from it with much ease. Their 
values determine the circumference of the curve. 

And, in order to describe it, there is no necessity for 
describing the circles. The knowing the values of their 
radiuses is sufficient. 
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But, in laying down curves, the fixing the absciss 
arbitrarily may be most convenient. 

This may be easily done without departing from the 
proposed method. For, as a?a? = ^f ^ uu, uu^=tt — xXy 

and u = ^tt — XX. Now, x is supposed to be deter- 
mined at pleasure; wherefore u is immediately known. 
Then the ordinate is also known, by means of the simple 

cu 
equation, y = — . 



THE END. 
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